The resonance fluorescence spectrum from a triple quantum dot molecules controlled by tunneling is investigated. The positions, widths and heights of the resonance fluorescence peaks can be modified by the tunneling between the dots rather than the laser field, and interesting features such as controllable triple narrow peaks are obtained. The spectrum is explained with the transition properties of the dressed states generated by the coupling of the tunneling and the laser field. These features can also be viewed as the effects of spontaneously generated coherence between the close-lying states in the dressed state picture of the tunneling couplings, which can permit the observation of spontaneously generated coherence in quantum dot molecules.
Introduction
Recently much interest has been attracted by the coherent manipulation of semiconductor quantum dots (QDs) [1] [2] [3] [4] [5] . The research is motivated by the proposal of using QDs as the basic building block of quantum information technology, such as qubits for quantum computers [6] , single photon emitters [7] , all-optical quantum gate [8] and entangled-photon sources [9] . In order to reduce decoherence effects, resonant optical excitation is often employed in experiments with semiconductor QDs. For an ideal two-level system, it is well known that strong resonant excitation with a continuous wave field results in a so-called resonance fluorescence spectrum containing three peaks, known as the Mollow triplet. This iconic spectral feature was first predicted by Mollow [10] and has been demonstrated experimentally for atoms [11] , single molecules [12] and self-assembled semiconductor QDs [13] . The resonance fluorescence spectrum of multiple-level system driven by two or more lasers has much more structure and shows a variety of interesting effects, duo to the more complex internal dynamics of the system [14, 15] .
In a quantum dots molecules (QDMs) coupled by tunneling, an external electric field allows us to control the confining potential and the number of electrons in each artificial atom, where it is possible to create a multiple-level system. Building on the vertical [16] and lateral [17] double quantum dots (DQDs) with controlled electron numbers, a triple quantum dots (TQDs) has been realized in much experimental progress [18] [19] [20] [21] . TQDs might serve as a laboratory for correlated electron systems as well as a prototype quantum processor based on charge and/or spin in QDs [22, 23] . There are other applications of TQDs in the area of quantum computation, such as quantum teleportation [24] and exchangecontrolled qubit [25] . And also TQDs allows for application of tools known from quantum optics, such as the rectification [26] or the coherent electronic transfer using adiabatic passage [27] .
On the other hand, the properties of resonance fluorescence spectrum can be modified by spontaneously generated coherence (SGC). SGC refers to the interference of two or more decay channels with nonorthogonal electric-dipole transition matrix elements. SGC can find applications in many fields such as quantum information and computation [28] , lasing without inversion [29] , all-optical switching [30] , quantum photocell [31] and high-precision metrology [32] . In the presence of SGC, the spectrum of resonance fluorescence can be demonstrated to exhibit narrowing [33] , quenching [34] , squeezing [35] and superfluorescence [36] . But the existence of SGC requires two stringent conditions: the close-lying levels are near degenerate and the corresponding dipole transitions are not orthogonal. These conditions are very difficult to be fulfilled in real systems. As a result, there are hardly any direct experimental observations on the phenomena related to SGC.
In this paper, we investigate the resonance fluorescence spectrum from TQDs. By changing the tunneling between the TQDs, the positions, linewidths and heights of the fluorescence peaks can be controlled. Interesting features, such as triple narrow lines in the resonance fluorescence spectrum is obtained. Unlike the atomic system, in TQDs we can use tunneling instead of laser field to create the necessary coherence. We explain the phenomena in the dressed state basis of the laser field and the tunneling couplings. On the other hand, in the dressed state basis of the two tunneling couplings, the scheme turns to be a four-level system with SGC. The spectrum of resonance fluorescence can be attributed to the SGC between the three upper dressed states. So the TQDs proposed here can give a feasible way to experimentally observe the effect of SGC, but without the need for near-degenerated states and nonorthogonal dipole moments.
The remainder of this paper is organized as follows. In Section 2, we describe the TQD model and calculate resonance fluorescence spectrum of the TQD system. In Section 3, we discussed the numerical results of the resonance fluorescence spectrum. Section 4 contains a summary and outlook.
Model and dynamic equations
We show the schematic of the band structure and level configuration of a TQD system in Fig. 1 . At nanoscale interdot separation, the hole states are localized in the QDs and the electron states are rather delocalized. As shown in Fig. 1(a) , in the absence of a gate voltage, the conduction-band electron levels are out of resonance and the electron tunneling between the QDs is very weak. In contrast, in the presence of a gate voltage, the conduction-band electron levels come close to resonance and the electron tunneling between the QDs is greatly enhanced, as shown in Fig. 1(b) . In such system, the tunneling can be controlled by placing a gate electrode between the neighboring dots. And in the latter case the hole tunneling can be neglected because of the more off-resonant valence-band energy levels. Thus we can give the schematic of the level configuration of a TQD system, as shown in Fig. 1(c) . Without the excitation of the laser, no excitons are inside all QDs, which corresponds to state 0 j i. When a laser field is applied, a direct exciton is created inside the QD1, condition represented by the state 1 j i. Under the tunneling couplings, the electron can tunnel from QD1 to the QD2, and from QD2 to QD3. And we denote these indirect excitons as state 2 j i and state 3 j i, respectively.
In the interaction picture and the rotating wave and dipole approximations, the Hamiltonian of this system is (we use units such that ℏ ¼ 1)
where E j ¼ ℏω j is the energy of state j , ω c is the laser frequency, Ω c ¼ μ 01 Â e Â E is the Rabi frequency of the transition 0 j i-1 j i, with μ 01 being the associated dipole transition-matrix element, e the polarization vector and E the electric-field amplitude of the laser pulse. And T 1 and T 2 are the tunneling coupling.
From the Liouville equation, we obtain the following equations for the density-matrix elements: 
Here the detunings are defined as 31 , with ω mn the transition frequency between m j i and n j i states. And Γ 10 , Γ 20 and Γ 30 are the radiative decay rates of populations from 1 j i-0 j i, 2 j i-0 j i and 3 j i-0 j i, and γ 1 , γ 2 and γ 3 are the pure dephasing rates. And we denote
Following the common method used in Ref. [15] and [33] , we calculate the steady-state fluorescence spectrum. As is well known, the fluorescence spectrum is proportional to the Fouriertransform of the steady-state correlation function lim t-1 〈E ð À Þ ðr; τ þtÞ Â E ð þ Þ ðr; tÞ〉 [37] , where E ð 7 Þ ðr; tÞ are the positive and negative frequency parts of the radiation field in the far zone, which consists of a free field operator, and a source-field operator that is proportional to the atomic polarization operator. Thus the incoherent fluorescence spectrum SðωÞ can be expressed in terms of the atomic correlation function
where Re denotes the real part, and
is the deviation of the dipole polarization operator D 7 ðtÞ from its mean steady-state value, and
Then we rewrite Eqs. (2a-2k) in the form and L is a 15 Â 15 matrix. The elements of L and I can be found explicitly from Eqs. (2a-2k). By means of the quantum regression theorem [38, 39] , the steady spectrum of the fluorescence spectrum from the state 1 j i to the ground state 0 j i can be obtained
where
ρ ij is the steady-state population ði ¼ jÞ and atomic coherence ði a jÞ, which can be obtained by setting _ ρ ij ¼ 0 and solving numerically Eq. (2a-2k). δ k is the detuing between the fluorescence and the transition 1 j i-0 j i. In the next part, we will calculate the corresponding fluorescence spectrum by tuning the coupling of the tunneling. And this parameter depends on the barrier characteristics and the external electric field. 
The number in Fig. 2 denotes the peaks originate from which transition in Fig. 3(a) . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Results and discussions
For our investigation, we assume that the radiative decay rate of populations Γ 10 C6:6 μeV [40] , Γ 20 ¼ Γ 30 C 10 À 4 Γ 10 [41] , and the effective dephasing parameters, [43] . The tunneling couplings can be controlled by the barrier characteristics and the external electric field. We mainly focus on the case of
First, we fix the value of Ω c and T 1 to 20 μeV, and show the results in Fig. 2 for different value of T 2 . When T 2 ¼ 0, which means the electron can tunnel from QD 1 to the QD 2, but cannot tunnel from QD 2 to QD 3. Thus the system is like a double QD system and five bored peaks appear in the spectrum (Fig. 2(a) ). And the height of the middle peak is lower than the inner bands. When the tunneling coupling T 2 is increased to 4 μeV, therefore three QDs are coupled together by the two tunneling couplings, as can be seen from Fig. 2(b) that three narrow peaks appear in the middle of the spectrum. And the height of these middle peaks is larger than the sidebands. Then when T 2 ¼ 8 μeV, the intensity of the three narrow peaks in the middle is increased, as well as the splittings between these peaks (Fig. 2(c) ). When we increase the tunneling coupling to T 2 ¼ 16 μeV, the width of the three peaks in the middle are in the same order as those of the other peaks, while the height of the peaks continue to increase (Fig. 2(d) ).
It is well known that positions, heights, and widths of the fluorescence peaks are determined by the energies, steady-state populations, and electronic dipole moments of dressed states. In order to interpret the above numerical results, we investigate the properties of the dressed states. Under the resonant coupling of the laser field and the tunneling, the energy eigenvalues of these dressed states [44] can be written as follows:
Then the dressed states can be express as
and Eqs. (10a-10d) can be written in the form
Therefore both the state 1 j i and the state 0 j i (see Fig. 1(a) ) are split into four dressed states (see Fig. 3(a) ), which are Ψ 1 j i, Ψ 2 j i, Fig. 3(a) ). Note that though Ψ i j i and Ψ i 0 are different in constant energy by the energy difference between state 1 j i and 0 j i, the dressed states Ψ i j i has the same expressions and the eigenvalues as the dressed states Ψ i 0 with i ¼ 1; 2; 3; 4. In order to give an explicit explanation of the fluorescence spectrum, we fix the Rabi frequency of the laser field Ω c and the tunneling coupling T 1 at Ω c ¼ T 1 ¼ 20 μeV, and show the dressedstate eigenvalues and corresponding populations as functions of the other tunneling coupling T 2 (see Fig. 4(a) and (b) ). It is obvious that the eigenvalues λ 1 and λ 4 depend weakly on T 2 , while λ 2 and λ 3 are significantly affected by T 2 . The populations of Ψ 1 j i, Ψ 2 j i, Ψ 3 j i and Ψ 4 j i are also influenced by T 2 , and all the four dressed states are well populated. As we know that the decay rate of the transition between the dressed state Ψ i j i to Ψ j 0 is proportional to the squared dipole moments R ij ¼ j P i 2 , where P ¼ μ 01 0 j i 1 h j is the transition dipole moment operator between 0 j i and 1 j i in the bare state basis. R ij can be calculated with the expression
We can interpret the numerical results in Fig. 2 with the energies, populations and decay rates of the dressed states. The triple peaks in the middle originate from the transitions 6, 7, 10 and 11 ( Fig. 2(b) and (c) ). When the value of the tunneling coupling T 2 is small, the decay rate of the state Ψ 2 j i and Ψ 3 j i is much smaller than those of the state Ψ 1 j i and Ψ 4 j i (Fig. 4(c) ). Therefore the triple peaks in the middle are much narrower than the others. The energy space, populations and decay rates of the dressed state Ψ 2 j i and Ψ 3 j i grow with an increasing of T 2 , which results in the increasing of splittings between the peaks, the heights and widths of the triple peaks in the middle.
The above results can also be viewed as the effect of SGC between the dressed states. In the dressed-state representation of the tunneling couplings T 1 and T 2 , the system turns to be a fourlevel scheme with three close-lying excited states Ψ 0 j i, Ψ þ and Ψ À j i(see Fig. 3(b) ). In the resonant case, the energy eigenvalues of these dressed states are λ 0 ¼ 0 and
, and the corresponding eigenstates are
It is clear that the properties of the dressed states, take energy positions as an example, are determined by the tunneling couplings T 1 and T 2 . These three dressed states decay to the ground state 0 j i with rates
2 , respectively, and SGC arises from these three dressed states. When T 2 is relatively small compared with T 1 , the SGC between the three spontaneous emission pathways Ψ 0 j i-0 j i, Ψ þ -0 j i and Ψ À j i-0 j i are so strong that sharp lines appears in the fluorescence spectrum (see Fig. 2(b) and (c) ). When T 2 is large, the SGC between the spontaneous emission pathways are weaker, thus no linewidth narrowing occurs (see Fig. 2(d) ).
From Eqs. (14a-14c), the properties of the dressed states Ψ 0 j i, Ψ þ and Ψ À j i also depend on the tunneling coupling T 1 . As a result, we can also anticipate the control of resonance fluorescence by changing the value of T 1 . The numerical results are shown in Fig. 5 , where the tunneling coupling T 2 is fixed at 10 μeV. We can also analyze the fluorescence spectrum in the dressed state picture of the three driving fields (see Fig. 3(a) ). First, when T 1 ¼ 0, the electron cannot tunnel from QD 1 to the QD 2 or from QD 2 to QD 3, which is like the case of single QD system. We can obtain Mollow-type resonance fluorescence spectrum shown in Fig. 5(a) . When T 1 a 0, we can see that three narrow peaks appear in the resonance fluorescence spectrum. With increasing value of T 1 , the intensity of the three narrow peaks in the middle and the splittings between these peaks are increasing (Fig. 5(b)-(d) ). Similar to the case in Fig. 2 , the triple peaks in the middle are induced by the four transitions 6, 7, 10 and 11. The decay rates from the dressed states Ψ 2 j i and Ψ 3 j i decrease for a larger value of T 1 . Therefore we can obtain three narrow peaks in the spectrum.
Keeping the properties of the dressed states Ψ 0 j i and Ψ 7 unchanged, we calculate the resonance fluorescence spectrum by tuning the Rabi frequency of the laser field, as shown in Fig. 6 . When Ω c is relatively small compared to that of the two tunneling coupling, i.e. Ω c ¼ 1 μeV, as can be seen that the spectrum consists of three peaks, whose widths are of the same order (see Fig. 6(a) ). If all the three couplings are equal (Ω c ¼ T 1 ¼ T 2 ¼ 10 μeV), more peaks are obtained and with the middle peaks being higher than the sidebands (see Fig. 6(b) ). When we increase the Rabi frequency to Ω c ¼ 20 μeV, nine peaks are obtained and three of them acquire linewidth narrowing. And the central peak becomes much larger than the other peaks (see Fig. 6(c) ). When Ω c is large enough, the nine emission peaks are well resolved (see Fig. 6(d) ), and the narrowing of the three peaks are very prominent. The above results can be seen clearly in the dressed state basis of all couplings (see Fig. 3(a) ). In the case of Ω c ¼ 1 μeV, the states Ψ 2 j i and Ψ 3 j i (also Ψ 2 0 and Ψ 3 0 ) are near degenerate, and we can only see three broad peaks (see Fig. 6(a) ). The decay of the transitions 1 and 16 are too weak to be observed, while the other 14 transitions shown in Fig. 3(a) contribute to the emission peaks. 
Other parameters are the same as those in When Ω c is increased to 10 μeV (see Fig. 6(b) ), all the 16 transitions contribute to the spectrum. As the decay rates from the dressed states Ψ 2 j i and Ψ 3 j i are of the order of spontaneously decay rate, we get only broad peaks. When we further increase the value of Ω c , the decay rates from the dressed states Ψ 2 j i and Ψ 3 j i are decreased. Therefore we observe narrow lines in the resonance fluorescence spectrum (see Fig. 6 (c) and (d)).
In the above discussions, we consider the case of ω 21 ¼ ω 32 ¼ 0. If ω 21 a0; ω 32 a 0, it is difficult to write the expressions of the dressed states in the simple forms. While we can qualitatively infer that the energies, populations, and decaying rates of the dressed states are modified, the fluorescence spectrum changes accordingly. We show two representative examples in Fig. 7 . The nonzero value of ω 21 and ω 32 lead to the asymmetry of the spectrum and break the degeneracy of the transitions between the dressed states. As a matter of fact, we can get as much as thirteen peaks in the fluorescence spectrum (not shown here) with proper parameters.
Conclusions and outlook
In this paper, we investigate the steady-state spectrum of resonant fluorescence from a TQD system. The spectrum can be controlled by the tunneling coupling and some interesting features such as controllable triple narrow peaks are obtained. We analyze the resonance fluorescence spectrum in the dressed state basis of the two tunneling couplings and the laser field. The phenomena can also be attributed to SGC between the close-lying levels in the dressed state picture of the two tunneling couplings.
As is well known, it is very difficult to realize SGC in real atomic system owing to the rigorous requirements. But in the TQD system, we can simulate SGC by the tunneling coupling. Thus by observation of linewidth narrowing of the fluorescence spectrum from the TQDs, the existence of SGC can be proved without the need for closely lying levels and parallel dipole moments. Such a system may open the way to study the SGC effect in QDMs, and can find applications in many fields such as lasing without inversion, quantum information and computation. And also the narrowing of the peaks can be used in high-precision metrology. 
